Values of the fifth virial coefficient, compressibility factors, and fluid-fluid coexistence curves of binary asymmetric nonadditive mixtures of hard disks are reported. The former correspond to a wide range of size ratios and positive nonadditivities and have been obtained through a standard Monte Carlo method for the computation of the corresponding cluster integrals. The compressibility factors as functions of density, derived from canonical Monte Carlo simulations, have been obtained for two values of the size ratio (q = 0.4 and q = 0.5), a value of the nonadditivity parameter (∆ = 0.3), and five values of the mole fraction of the species with the biggest diameter (x 1 = 0.1, 0.3, 0.5, 0.7, and 0.9). Some points of the coexistence line relative to the fluid-fluid phase transition for the same values of the size ratios and nonadditivity parameter have been obtained from Gibbs Ensemble Monte Carlo simulations. A comparison is made between the numerical results and those that follow from some theoretical equations of state.
I. INTRODUCTION
Binary mixtures of hard disks are systems comprising two kinds of disks of diameters σ 1 and σ 2 , respectively, which interact as follows. They have no interactions at separations larger than a given distance and experience infinite repulsion if their separation is less than that distance. For pairs of the same species, this closest separation is σ ii = σ i (i = 1, 2). If the mixture is nonadditive, the closest distance of approach of disks of different species is not the arithmetic mean of σ 1 and σ 2 but rather σ 12 = 1 2 (σ 1 + σ 2 )(1 + ∆), where the dimensionless parameter ∆ accounts for deviations of the inter-species interactions from additivity and may be either positive or negative. In the former case, which is the one this paper is concerned with, homocoordination is favored and leads to fluid-fluid phase separation in which one phase is rich in disks of species 1 and the other phase is rich in disks of species 2. Henceforth, without loss of generality, we will assume σ 2 ≤ σ 1 . Although interest in nonadditive hard-disk (NAHD) mixtures dates back to the 1970s and they are both versatile and relatively simple, comparatively speaking there have been much less studies of these systems than the ones devoted to nonadditive three-dimensional hardsphere mixtures (for a rather complete but non exhaustive list, the reader is referred to Refs. 1-33). Despite this long period, there are still many important issues related to NAHD mixtures that need to be investigated. For instance, there are a few proposals for the equation of state (EoS) whose merits have not been fully evaluated. Also, apart from the second and third virial coefficients (which are known analytically), higher order virial coefficients require the numerical evaluation of cluster integrals among groups of disks, a task which is in general difficult.
In 2005, three of us 23 introduced an approximate EoS for nonadditive hard-core systems in d dimensions and, taking d = 2, compared the results obtained for the corresponding compressibility factor with simulation data. Later, a unified framework for some of the most important theories (including some generalizations) of the EoS of d-dimensional nonadditive hard-core mixtures was presented. 29 In 2011, another of us 30 computed the fourth virial coefficient of symmetric NAHD mixtures (σ 2 = σ 1 ) over a wide range of nonadditivity and compared the fluid-fluid coexistence curve derived from two EoSs built using the new virial coefficients with some simulation results. More recently, four of us 31 extended the previous study to asymmetric NAHD mixtures, (i.e., mixtures such that the size ratio q = σ 2 /σ 1 is different from unity), while three of us 32 reported values of the fifth virial coefficient and studied the EoS and the equilibrium behavior of a symmetric NAHD mixture.
One of the major aims of this paper is to present the results of computations of the fifth virial coefficient of binary asymmetric NAHD mixtures. We will explore a range of positive values of the nonadditivity parameter (∆ = 0.05, 0.1, 0.15, 0.2, 0.4, 0.5, and 0.6) and size ratios (q = 0.1, 0.2, 0.3, 0.4, 0.5, 0.6667, 0.8, 0.85, 0.9, and 0.95). These results complement the ones already published for symmetric mixtures 30 and will afterwards be used to assess the merits and limitations of some theoretical EoSs. The compressibility factor predicted by those approximations, including the rescaled virial expansion that one may construct from the knowledge of the first five virial coefficients, will also be tested against our Monte Carlo (MC) simulation values for a nonadditivity parameter ∆ = 0.3 and size ratios q = 0.4 and q = 0.5. Additionally, we will address the question of demixing for the same mixtures. As far as we know, apart from the work of Guáqueta, 27 who used a combination of MC techniques to determine the location of the critical consolute point of asymmetric NAHD mixtures for a wide range of size ratios and values of the positive nonadditivity, simulation results of fluid-fluid separation in NAHD mixtures have only been reported for the symmetric case using either the Gibbs ensemble MC (GEMC) method, [13] [14] [15] 19, 32 the constant volume NVT ensemble MC method, 20 the cluster algorithms that allow the consideration of systems with a very large number of particles, 24, 33 or the semigrand canonical ensemble MC method. 28 Here we will report GEMC results for the corresponding fluid-fluid coexistence curves of binary asymmetric NAHD mixtures and compare them to the theoretical predictions stemming out of the theoretical EoSs. Once more, our results will complement those of the symmetric case reported in Ref. 32 .
The paper is organized as follows. In Sec. II we recall the well known analytical results for the second and third virial coefficients of a NAHD mixture, and provide the graphical representation of the (partial) compositionindependent fourth and fifth virial coefficients. For these, we provide numerical (MC) results for a wide range of size ratios and positive nonadditivities. We also recall in this section two approximate EoSs proposed by Hamad and by three of us, respectively, and, from the knowledge of the new fifth virial coefficients, we also construct another approximate compressibility factor corresponding to a rescaled virial expansion truncated to fifth order. Section III contains the assessment of the performance of the three previous theoretical EoSs in three respects. On the one hand, the predictions of the partial fourth and fifth virial coefficients of the first two EoSs are compared with the MC data. On the other hand, a comparison between the results of the MC simulations and those derived from the theoretical expressions for the compressibility factors as functions of density and composition is also performed. Finally, the fluid-fluid coexistence curves that follow from the theoretical EoSs are compared to the results of GEMC simulations. The paper is closed in Sec.
IV with some concluding remarks.
II. THERMODYNAMIC PROPERTIES A. Virial coefficients
The virial expansion for a general mixture can be written as
where p is the pressure, β = 1/k B T is the inverse temperature (in units of the Boltzmann constant k B ), ρ = i ρ i is the total number density (ρ i being the partial number density of species i) and the virial coefficients B, C, D, E, . . . depend on the relative concentration of the different species and (in the case of a hard-core fluid) on the particle-particle closest distances. Those coefficients have a polynomial dependence on the mole fractions x i = ρ i /ρ, so they can be expressed in terms of composition-independent virial coefficients as
In particular, in the case of a binary mixture, In the special case of hard-disk mixtures (whether additive or not), the composition-independent virial coefficients B ij and C ijk are exact and well known for an arbitrary number of components (see, for instance, Refs. 17, 23, and 34). They read
where A a,b (r) is the intersection area of two circles of radii a and b whose centers are separated by a distance r. Its explicit expression is
and
Θ(x) being the Heaviside step function. In Eq. (2.7b) use has been made of the mathematical property 2 cos −1 x + cos −1 (1 − 2x 2 ) = π. Thus, in the binary case, one has
8b) where the function F (x) is given by
The fourth-order terms D 1111 and D 2222 in Eq. (2.3c) can be calculated analytically through the expression of the fourth virial coefficient for a monodisperse fluid of particles with diameter σ 1 or σ 2 , respectively, i.e., Table II . 34 The filled circles and the points enclosed by open circles in each graph appearing in Tables I and II identify particles belonging to species 1 and 2, respectively. Space integration is carried out over all the vertices of the graph, each bond contributing a factor to the integrand in the form of a Mayer step function. Of course, the coefficients D 1222 , E 12222 and E 11222 are obtained from those in Tables I and II by exchanging 1 ↔ 2.
B. Theoretical equations of state and corresponding free energies
In this subsection we will recall two theoretical EoSs for NAHD mixtures whose performance with respect to numerical values of the fourth virial coefficients and compressibility factor was proved to be reasonably good in Ref. 31 . These are the one proposed by Hamad 18, [36] [37] [38] (which we will label with a superscript H) and one proposed by three of us in 2005 23 (labeled with the superscript SHY).
In the former case, the compressibility factor Z ≡ βp/ρ of the NAHD mixture (with an arbitrary number of components) is given by
where η ≡ ρξ is the packing fraction of the mixture (with ξ ≡ π 4
is the compressibility factor of 
a one-component hard-disk fluid at the packing fraction y, and
In Eq. (2.13) the coefficients c k;ij are given by
(2.14)
In particular,
with the functions G(x) and H(x) given by Eqs. (2.7a) and (2.7b), respectively. Other combinations of indices follow from the exchange 1 ↔ 2 in the above results. By construction, Eq. (2.12) yields the correct (exact) second and third virial coefficients of the mixture. However, it gives approximate values for the higher ones. In particular, it leads to the following (approximate) explicit expressions for the fourth and fifth virial coefficients,
The corresponding composition-independent coefficients D H ijkℓ and E H ijkℓm can easily be identified from Eqs. (2.2c) and (2.2d), respectively.
One can derive from Eq. (2.12) the free energy per particle of the mixture as a
, where
is the ideal Helmholtz free energy per particle (λ i being the de Broglie wavelength of particles of species i) and
18)
a pure ex (y) being the excess Helmholtz free energy per particle of the one-component hard-disk fluid at the packing fraction y.
Next, we describe the SHY approach. The associated compressibility factor reads
where we have called B * ≡ B/ξ and C * ≡ C/ξ 2 . Again, the exact second and third virial coefficients of the mixture are retained. As for the approximate expressions for the fourth and fifth virial coefficients, they are
As before, the composition-independent coefficients D SHY ijkℓ and E SHY ijkℓm can easily be extracted. The corresponding excess Helmholtz free energy per particle is given by
(2.21) In Ref. 31 we assessed the merits of the above approximations with respect to the partial fourth virial coefficients. We will do the same with the fifth virial coefficients in Sec. III A. But before we close this section, we will also make use of the numerical knowledge of the fourth and fifth virial coefficients to construct the corresponding rescaled virial expansion (RVE) (as proposed by Baus and Colot 39, 40 ) truncated to the fifth order. This leads to the following (approximate) EoS for an asymmetric NAHD mixture 22) where the coefficients c 1 -c 4 , depending only on the mole fractions, are obtained by identification with the corresponding coefficients which show up in the virial series. Specifically, in the present case one has
where D * ≡ D/ξ 3 and E * ≡ E/ξ 4 . In turn, the excess Helmholtz free energy per particle associated with Eq. (2.22) is given by
where Regardless of the theory used, the chemical potential of species i can be obtained from the knowledge of the free energy as a function of the partial densities {ρ i } through the thermodynamic relation
The fundamental equation of thermodynamics is equivalent to
In the special case of a binary mixture, it is more convenient to see the free energy a as a function of ρ and x 1 [as done in Eqs. (2.17), (2.18), (2.21), and (2.24)] rather than as a function of ρ 1 and ρ 2 . In that case,
III. RESULTS
A. Partial virial coefficients
In a previous paper, some of us reported 31 MC calculations of the composition-independent partial fourth virial coefficients of asymmetric NAHD mixtures D 1112 , D 1122 , and D 1222 over a rather wide range of size ratios q = σ 2 /σ 1 and values of the nonadditivity parameter ∆. Those data were complementary to the ones reported earlier 30 by one of us for symmetric mixtures. Here we continue with our efforts to provide additional information on the virial coefficients of NAHD mixtures and report the numerical values of the partial fifth virial coefficients for a range of size ratios and positive nonadditivities.
As in the case of the fourth virial coefficients, in order to evaluate the irreducible cluster integrals which enter the expression of the composition-independent coefficients E ijkℓm (see Table II ), we used a standard MC integration procedure 41 , although more efficient techniques to compute higher order virial coefficients have been proposed. 35, 42, 43 Our algorithm produces a significant set of configurations which are compatible with the Mayer graph one wants to evaluate. We first fix particle 1 of species i = 1 at the origin and sequentially deposit the remaining four particles (of species i = 1 or i = 2, depending on the diagram in Table II ) at random positions but in such a way that particle α = 2, 3, 4, 5 overlaps with particle α − 1. This procedure generates an open chain of overlapping particles which is taken as a "trial configuration". In a "successful configuration" the residual cross-linked "bonds" present in the Mayer graph that is being calculated are retrieved. The ratio of the number of successful configurations (N s ) to the total number of trial configurations (N t ) yields asymptotically the value of the cluster integral relative to that of the open-chain graph which, in turn, is trivially related to a product of the partial second-order virial coefficients B ij . 44, 45 The numerical accuracy of the MC results obviously depends on the total number of trial configurations. The relative error on the evaluation of a given coefficient is estimated as
where J is the number of cluster integrals contributing to that coefficient. However, as a result of the accumulation of statistically independent errors, the global uncertainty affecting the partial virial coefficients is higher than the error estimated for each cluster integral that enters the expression of E ijkℓm . A typical MC run consisted of 4 × 10 9 -5 × 10 11 independent moves, depending on the value of q. In the latter case, a typical run lasted approximately 25 hours on a quad-processor computer based on Intel Xeon 3.4 GHz processors equipped with 32 GB RAM. Independent pseudorandom numbers were produced by adopting the Mersenne Twister MT19937 pseudorandom number generator, which has a very long period (2 19 937 − 1). The error on each cluster integral, as estimated through Eq. (3.1), turned out to be systematically less than 0.05%, with a cumulative uncertainty on the partial virial coefficients lower than 0.5%. By repeating the evaluation of some partial virial coefficients with independent MC configurations, summing up the cluster integrands for each configuration, and using the standard deviation of the block averages, we have checked that the uncertainty again remains lower than 0.5%, in agreement with the error estimate from Eq. (3.1).
The numerical values of E 11112 , E 11122 , E 11222 , and E 12222 (in units of σ Tables I-VIII in the supplementary material to this paper. The values corresponding to q = 1 (symmetric mixtures) included in the supplemental material were already reported in Ref. 32 . Note also that the case of additive hard-disk mixtures was considered by Wheatley in Ref. 47 .
In Figs. 1-6 we plot our MC values of the partial fifth virial coefficients as functions of q for ∆ = 0.1-0.6, and assess the performance of the H and SHY approximations against the MC data. We can observe that the H prescription provides excellent estimates of E 11112 and E 12222 for the whole range of q and for all the values of the nonadditivity parameter considered. The SHY approxi- mation gives reasonable results for those two coefficients, but it is much less accurate than the H one, especially as one approaches the limit of symmetric mixtures (q → 1).
With respect to the coefficients E 11122 and E 11222 , both theories provide rather good predictions for relatively small nonadditivity, namely, ∆ = 0.05 (not shown the mixture is additive or not. More specifically, 
. (3.3b)
As already observed in Ref. 31 and in Figs. 1-6 , an excellent performance of the H predictions for D iiij and E iiiij is confirmed by Figs. 7 and 8 . In contrast, we have found that the SHY expressions obtained from Eqs. (2.20) do not conform to the scaling relations (3.2).
B. Compressibility factor
We have performed canonical MC simulations to measure the compressibility factor as a function of density for NAHD mixtures with ∆ = 0.3, two size ratios (q = 0.4 and 0.5), and five mole fractions (x 1 = 0.1, 0.3, 0.5, 0.7, and 0.9). The results are contained in Tables IX and X of the supplementary material and displayed graphically in Fig. 9 . In this figure we have also included the corresponding values obtained from the three theoretical compressibility factors Z H (ρ), Z SHY (ρ), and Z RVE (ρ) as given by Eqs. (2.12), (2.19), and (2.22), respectively. As explained before, the RVE compressibility factor needs to be complemented with the empirical virial coefficients. As for the H and SHY EoSs, we have taken for Z pure (η) the accurate compressibility factor corresponding to the EoS proposed by Luding, 48-50 namely,
One can clearly see from Fig. 9 that in this case the best performance undoubtedly corresponds to Z SHY , which only deviates from the MC data for the highest densities. It is also remarkable that the SHY compressibility factor is as accurate and even in some instances more accurate than the RVE, since the latter involves the first five exact virial coefficient while the former only yields exactly the first three virial coefficients. This shows that the RVE EoS (2.22) is more sensitive than the SHY EoS (2. 19) to the positive nonadditivity consequence of the effective occupied volume fraction being larger than the nominal packing fraction η. In fact, as we observed in Ref. 31 , the RVE EoS performs better than the SHY EoS in the case of negative nonadditivity.
The poorest agreement with the MC data corresponds to the Hamad compressibility factor, which may even become negative after a certain density. This feature is the result of the combination of the special density dependence in Z H (ρ) and the breakdown of the Luding EoS for extremely high packing fractions. Note that Hamad's EoS makes use of Z pure at three effective packing fractions, namely, ηX 11 , ηX 12 , and ηX 22 [see Eq. (2.12)]. As an illustration, let us consider the mixture with ∆ = 0.3, q = 0.5, and x 1 = 0.9 [top curve in Fig. 9(d) ]. For the chosen mixture, in order to get Z H (ρ) at a given ρ, one has to know Z pure at η = ρξX 22 = 1.18334ρ. Since the maximum value of the packing fraction in the one-component fluid is η = √ 3π/6 = 0.9069, the corresponding maximum value of the density that one might consider in the mixture would be ρ = 0.9069/1.18334 = 0.7664. On the other hand, Luding's EoS presents a local maximum at η = 0.8649 and becomes negative after η = 0.9029. Hence, Z H (ρ) may not be obtained beyond ρ = 0.8649/1.18334 = 0.7309.
Once we have assessed the merits of the theoretical proposals for the EoS of NAHD mixtures with respect to their predictions of the virial coefficients and from the comparison with the MC values for the compressibility factors, we now turn to the problem of demixing in such mixtures.
C. Demixing
We have performed GEMC simulations in order to determine the fluid-fluid coexistence curve of a few binary asymmetric NAHD mixtures. The detailed description of the method will be omitted since it is presently a wellestablished procedure and a thorough account of it can be found for instance in Refs. 51 and 52. Nevertheless, we should point out that in order to simulate two coexisting phases one performs a MC simulation with two coupled boxes, each one containing a homogeneous phase. Then, three different types of moves are performed to allow for thermal, mechanical, and chemical equilibration. The first one is the usual Metropolis displacement of particles in each box separately. The second type of move is the change of volume of the two regions. The third type is the exchange of particles between the two boxes. One should add here that, due to the high asymmetry and the high nonadditivity, in the region of phase separation the particle exchange rate becomes rather slow and so the equilibration of the system requires very long runs. Simulation boxes were filled with an initial number of particles ranging between 1500-2000 particles per box, depending on the desired initial total density. The chemical potentials of the two species were calculated by using Widom's particle insertion method, 53 and the appropriate formula for the Gibbs ensemble. 52 The attempted particle sweeps between the two boxes of each GEMC cycle were used to sample the energy landscape of the system containing the inserted particle.
We have considered the same two NAHD mixtures as in Sec. III B, namely, those with ∆ = 0.3 and size ratios q = 0.4 and q = 0.5. For these very asymmetric NAHD mixtures the GEMC method becomes extremely difficult and, as a consequence, only a few points of the coexistence curve could be accurately determined. On the other hand, those points provide a reasonable idea about the location of the phase coexistence curve. , and reduced chemical potentials, βµ i ) of three pairs of points (q = 0.4) and two pairs of points (q = 0.5) in the binodals.
On the theoretical side, we have computed the same binodals curves, as predicted by the H, SHY, and RVE approaches (in the latter case by injecting again the empirical virial coefficients), by imposing the equality of the pressure p and the chemical potentials of both species µ 1 and µ 2 , respectively, in the two fluid phases.
In Figs. 10 and 11 , we display the results of our GEMC computations and include also the theoretical results for comparison. It is clear that all the theories heavily underestimate the values of the density, the pressure, and the chemical potential of the big disks at coexistence in the fluid phase which is rich in the small disks, while they overestimate the chemical potential of the small disks in the phase rich in the big disks. However, both the SHY and RVE theories are rather accurate in predicting the density and pressure of the phase rich in the big disks. We note that in the case of the H EoS, due to the same limitations mentioned above in connection with Fig. 9 , numerical instabilities arose that prevented us from covering the whole composition range. In any event, this H EoS exhibits the worst performance.
It may seem paradoxical that, while both the SHY and RVE approaches produce good outputs for low x 1 values at a single phase, as shown in Fig. 9 , they produce large underestimates of the number density for the low x 1 branch of the coexistence curve in Fig. 10 . The explanation is two-fold. On the one hand, the coexistence conditions of equal pressure and chemical potentials in two very disparate phases is a much more delicate and stringent test of a theory than the equation of state in a mixed phase. On the other hand, the coexisting phase rich in small disks has in general a very large number density, even twice as large as the maximum value considered in Fig. 9 .
IV. CONCLUDING REMARKS
In this paper we have reported MC calculations of the fifth virial coefficients of asymmetric NAHD mixtures for a range of size ratios q and various values of the nonadditivity parameter ∆. These results complement those reported earlier 30, 31 and were used to assess the predictions of the same coefficients coming from the H 17 and the SHY. 23 proposals. They were also used to derive the RVE for NAHD mixtures truncated at the fifth order. While the H EoS leads to extremely accurate predictions for the partial fourth and fifth virial coefficients D iiij and E iiiij , respectively, it may grossly err in the case of others. In this sense, although the SHY proposal may also lead in its predictions to percent deviations of the order of 20%, it appears to be a reasonably simple overall compromise.
The three theoretical EoSs for the mixtures were further tested against MC simulation data of the compressibility factor. In this case, it is remarkable that the SHY proposal yields the best overall performance, with accuracy as good or even better than the RVE EoS, given the fact that it is relatively simple and does not rely upon the empirical knowledge of virial coefficients beyond the third. On the other hand, the limitations of the H EoS make it the worst approximation in this instance.
Concerning the demixing problem, while all the theories are unable to produce accurate values of the density and the pressure of the coexisting phase rich in small disks, the other coexisting phase is well accounted for by the SHY and RVE proposals. Thus, again we find that the SHY EoS appears at this stage to be a good choice in view of its relative simplicity and its independence of the external numerical determination of virial coefficients. In any case, the point we want to stress finally is that more theoretical efforts to cope correctly with demixing in NAHD mixtures are called for.
SUPPLEMENTARY MATERIAL
See supplementary material for tables containing the results of our computations of the compositionindependent fifth virial coefficients, compressibility factor, and binodal curves of asymmetric nonadditive harddisk mixtures.
SUPPLEMENTARY MATERIAL TO THE PAPER "VIRIAL COEFFICIENTS, EQUATION OF STATE, AND DEMIXING OF BINARY ASYMMETRIC NONADDITIVE HARD-DISK MIXTURES"
The following tables contain the results of our computations of the composition-independent fifth virial coefficients (Tables I-VIII) , compressibility factor (Tables  IX and X) , and binodal curves (Table XI) of asymmetric nonadditive hard-disk mixtures. Table I , but for ∆ = 0.1. Table I , but for ∆ = 0.15. Table I , but for ∆ = 0.3. Table IX , but for ∆ = 0.3 and q = σ2/σ1 = 0.5. The error on the last significant figure is enclosed between parentheses.
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